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Abstract: Considering that humans perform handwriting task with small powers by contacting elbow or wrist on a table,
we thought that manipulators can save energy and accomplish simultaneously tasks more precisely like human by bracing
intermediate links. First this paper discusses equation of motion equation of robot under bracing condition, based on the
robot’s dynamics with constraint condition including the motor’'s dynamics. Then, the best elbow-bracing position that
minimize the energy consumption is examined simulation on condition that the manipulator has a load on the hand.
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1. INTRODUCTION =
—

Humans empirically know that they can write letters
correctly with less force with wrist or elbow bracing with 1
tables or desks. This is thought to be an example of hu- \"\
mans that can adapt them to environments to have their \‘\‘
motions move effective and less energy consuming. We ‘H
consider how to reduce effect of gravity by using reaction

force and perform tasks with high accuracy in less energy \
by robot bracing with environment[1-6]. i
In this paper, we discuss about manipulator whose
links is being contacted with environment such as a ta- Fig. 1 Human'’s writing motion

ble or floor at plural contacting points. This situation is
usually seen in daily behavior of human such as writing
a letter as shown in Fig.1.

Redundant manipulator can perform complex tasks byM (q)d + h(q, q) + g(q) + Dq

using the redundant degrees of freedom. But, as redun- ac\T |l oc or \T &
dant degree of freedom increase, weight and the number = 7 + { <6T) / ‘ 5T } In— (8T> —ft
of links rise and then it would be difficult to control ma- q T q 171

nipulators precisely. We consider that it is effective to (1)
control robots by mimicking humans’ behaviors such as
writing letters to solve above problem of gravity influ- M isn x n inertia matrix,h andg aren x 1 vectors that
ence concerning how to control robots precisely while re- indicate the effects from Coriolis force, centrifugal force
ducing energy consumed for the controlling. In previous and gravity. D is n x n diagonal matrix of coefficients
studies, energy consumption and control accuracy (hand of joints’ viscous friction.q is joint angle vector and is
accuracy error) are reduced to about one fifth by bracing input torque vectorf,, represents constraint force vector
elbow. and f; does friction force vector.

In this report, objects with different weight was at- And, C included in Eq.(1) is an expression of con-
tached to the robot’s hand, which comprises 4 links and straint conditions, and Eq.(2) means the number of con-
we explore elbow-bracing position that minimizes energy tacting points and the number of constraint conditions is

consumption by simulation. p. Then constraint condition vect&' could be repre-
sented as,
2. MODELING WITH CONSTRAINT C(r(q)) = [C1(r1(q)), Ca(r2(q)), -+ , Cp(rp(q))]"
CONDITION -0 @)

2.1 Equation of Motion with Constraint Condition
Here, we describe modeling method of a robot bracing 7i fepresents the position / orientation of thth link of

itself by multi-points constrainingg € R” is generalized the robot and are subject to kinematics and can be ex-
coordinate and- € R* is generalized input. The equa-  Pressed as follows.
tion of motion with multi-point constraint condition can r; =1i(q) 3)

be expressed as follows. 7 = Ji(q)q (4)



Definingj” andj; as,
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JT, JT can be constituted as,
JZ = [.7317 jc27 R JZ;;]v (7)
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JT, JT aren x p matrices,f,,, f, arep x 1 vectors.
Considering about constraints of the intermediate links,

the manipulator's equation of motion can be expressed

as,

M(q )1'1'+h(q q) +4g(q )+Dq

- T+Z chfm —Z Jm-fn')
i=1

= T+ Jan ~Jif. (11)
Having Eq.(2) differentiate by timetwo times, then we

can derive the constraint condition §f ¢ andgq as,

| 0 (0C\]. oC _0.
i |3q (ar) i+ (3 )2
To make sure that manipulator’s elbow be contacting with
the constraint surface all the time, valueygf) in Eq.(11)
has always to satisfy Eq.(2) whenever the tihfes any
value. For assuring that the solutig(t) of Eq.(11) sat-
isfy the constraint Eq.(2) during any timgthe value ofj
in EqQ.(12) should have the same value wjtin Eq.(11).
Then value ofg(¢) in Eq.(11) and Eq.(2) accordingly al-
ways have the same value regardless of time. Hgre,
and f, are related as follows.

12)

ft:K.ffrm K:diag[K17K27"'7Kp] (13)
Then Eq.(11) can be expressed as,
M(q)d + h(q,q) +9(a) + Dq
=7+l - JK)f, . (14)

Eq.(12), (14) can be represented in matrix form as fol-

lows,
M(q) —(JI-J{K) |[ g
-y
—h(g,4) —g(q) — Dq

= 7le l; g(’))qiT ‘| (15)

2.2 Derivation of reaction force with elbow-bracing

In this section, we state a method how to derfue
Combining Eq.(12) to (14) and eliminate tige we can
get the following equation.
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Here, definingM .(p x p) andB(p x n) as follows, we
get Eq.(19), wheB of p x n matrices hasank(B) = p,
resulting thatB is row full rank.
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Here, by defining: as,
a=B{Dq+ h+g} (20)
2C 472 (2€)],
orT |1 |ag\aqT ) |1
(21)
Eqg.(19) can be simplified as,
M.f,=BJI'Kf,—Br+a. (22)

Moreover, using the following definition ofl(p x p) in
Eqg. (23), we have Eq.(24).

A=M.-BJ'K (23)
Af,=a— BTt (24)

Reaction force vectof,, can be obtained from Alge-
braic equations including input torque Here, combin-
ing Eq.(14) to (24), eliminating’,, with the assumption
of |A| # 0 and definingS = J! — J] K, we can get the
following equation.

Mg+h+g+ Dg T+ SA '(a— BT)
(I-SA'B)r +SA 'a
(25)

Eq.(25) means that when we give any torguemaipu-
lator always move while satisfying the constraint condi-
tion Eq.(2). Then, Fig.2 shows two methods to express
constraint motion. One is expressed by Eq.(2) and (14),
and the other is done by Eq.(24) and (25). We named
this dual aspects of expression on constraint dynamics as
"Dual System”.



Dual System
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Fig. 2 Dual system of manipulator under constraint condition

2.3 Robot Dynamics including Motor we have

In this research, we want to evaluate the bracing effects ] )
about trajectory tracking accuracy and energy consump- iti — Riiy — Kikigi , (34)
tion used for countering the gravity force and other ef- T = —ImikiG + Kikii; — dmikii . (35)

fects by bracing the intermediate link. Even though robot
is stationary — robot is stopping — the energy is kept
to be consuming since motors of joints have to gener-
ate torques to maintain the required robot’s configuration
against gravity influences. When the robot is in motion,
other effects of dynamics will be added more to the grav-
ity effect. To evaluate this kind of wasted energy con-
sumption, we included the effects of electronic circuit
flowing in servo motors into the equation of motion of
the manipulator to represent explicitly that the robot con-
sumes energy even while stopping.

Fori=1,2,---,n, equation of voltage, counter elec-
tromotive force, equation of motion and generation of
torque can be expressed as follows,

vi(t) = Lii; + Riii(t) +vgi(t) (26)
vgi(t) Kgibi(t), (27)
Ini0; = 74(t) — 11i(t) — dmib; , (28)
Tq(t) = Kriii(t) . (29)

Whenvw; is terminal voltage of motorR; ; electrical re-
sistance,L; ; inductance,i; ; electric current flowing
through a circuit,d; ; angular displacement of motors,
T4i ; generation of torquesz; ; load torquepg; ; counter
electromotive force/,,; ; moment of inertia of motors,
Kpg; ; constant of counter electromotive forc&r; ;
torque constantd,,,; ; coefficient of viscous friction of
rotors.

From the relation of magnetic field and the coefficients
above,K1; = Kg;(= K) holds for motors used. Com-
bining Eq.(26) and Eq.(27), and also Eq.(28) and Eq.(29),
we derive

+ Rii; + Kib; ,
i dmzez .

L;i;
Kiiy — 711

(30)
(31)

v, =

Inib; =

In the situation with motor and gear whose gear ratio
is k; > 1 are installed onto manipulator,

0 = kig, (32)
Ti
TLi = k- (33)

Combining Eq.(30) and Eq.(31) with Eq.(32) and (33),

Then using vector and matrix to integrate Eq.(34) and
(35) into a combined form,

Li = v—Ri—Kpnq, (36)
T = - mq+KmZ_quv (37)
v = [1117'02,"‘ 7US}T7

i = [ilai27"' 7iS]Ta

and the definitions used in above equations are shown as
follow, whose components are positive value.

L diag[Ll, LQ, e ,LS]
R = diag[R1, Rz, -, Ry

K’m. = dlag[ ml, m27"' aKms]

Jm = dZCLg[ ml, m27"' Jms]

Dm == diag[DmlaDm%" Dm@]

Km'i K’ikia sz I’mLkQ ’mi = dmik?

Substituting Eq.(37) into Eq.(14), we get

(M(q) + Jm)d + h(q,q) +9(q) + (D + Di)gq

= Kni+(J. ~J[K)fn (38)

Similar to the same relation between Eq. (11) and Eg.
(12), the value ofj in Eq. (38) have to be identical to the
value ofg in Eq. (12) representing constrain condition.

2.4 Robot/Motor Equation with Constraint

To make sure thaf in Eq.(38) and (12) be identical,
constraint forcef,, is subordinately decided by simul-
taneous equation. E@s.(38) and (12) are transformed as
follows

(M(q) +Jm)g — I fn+ T K fn
= Kpmi—h—g—(D+ Dn)q (39)
oC . o oC. ..
(W)q == [é’q(aqm} q
o, 0C
=—q {aq(w)}q (40)



Then Egs.(39),(40),(36) can be expressed as follow,
M+Jm —(JI-J/K) 0] g

C
oq™ 0 0| Jn
0 0 L 1
[Kpmi—h—g— (D+ Dp)q
o ,0C
= —q" | = (=) |¢ 41
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Furthermore by redefining as
(M +J, —(JT-JTK) o
M =| 2K 0 0| 42
i 0 0 L
Kni—h—g—(D+Dy,)q
0 ,0C
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Then Eq.(41) can be expressed as,
q
M* | fn| =0 (44)

(2

assuming and calculatinyf™, then the unknown value
of q, fn.t can be determined based on the above simul-
taneous equation.

3. CONTROL BY CONSTRAINT
REDUNDANCY

control law that control reaction forgg, has the same
dimension to constraint conditiof'(»(q)). The torque
to achieve the desired contacting force at plural of links
frna €can be given by solving Eq.(24) as,

T=B"(a-Af,)+ I~ B'B), (45)

0C'/dq is row full rank matrix ofp x n. BecauseM

is always regularB of p x n matrix hasrank(B) = p

and row full rank. We callB matrix constraint redun-
dant matrix. Sincer € R", fnqa € RP andn > p
then there appears a redundancy to achigyg by .
Then remaining redundancy to do some other tasks is
rank(I — B* B) = n—p after controlling reaction force.
Therefore, The remaining control input efcan be used

to track hand target trajectony; and for other purposes
through arbitrary vectarin Eq.(45).

In simulation of this report, we use one degree of free-
dom to force control of elbow, one degree of freedom
to position control of elbow and two degrees of freedom
to position control of hand and control manipulator with
four degrees of freedom as shown in Fig.4.

Here,l is used for hand-position and elbow-position
control. These are expressed as,

1= JY[Kpo(y2a — y2) + Kaa(92a — 12)]

+ T4 [Kpa(rag — 7a) + Kaa(Pag — 74)] . (46)

where, J 4 is hand’s Jacobian matrix] is elbow’s Ja-
cobian matrix,K 4 and K p, is proportional gaink 44,
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Fig. 3 Algebraic relation
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Fig. 4 Simulation model

K g is rate gaingryg = [yad, 224)7 is hand’s target po-
sition, y»4 is elbow’s target positions,, [y, z4]T is
hand’s real position ang, is elbow’s real position.

Figure.3 expresses relation of space between input
torque and task space from the viewpoint of range space
of B —used for controllingf,,a— and null spacef,.q.

i.e., I — B" B used for controlling elbow’s position in
one dimension and hand'’s position in two dimensions.

We suppose that x n matrix B(q) is row full rank.
When we combine Eq. (24) to (45) and eliminate thi®
confirmT in EQ.(45) can guarantee to genergig;, we
can get the following relation,

Af, = a—B{B"(a—Af,) + (I -B"Bl)}
Whenp x p matrix A has inverse matrix, we havg, =
fnd'

Referencing the controller in Eq.(45), another con-
troller with voltage input can be defined as,
v:K’l)[BJr(a_A.fnd)+(I_B+B)l]7 (48)

where, K, is a coefficient that transform torque into volt-
age.

4. SIMULATION

In this chapter, we state optimization of elbow-bracing
position. Links energy consumptiai;(7") used in mo-
tor's circuit of mechanical motion can be expressed as
follows.

EAT) = / wi(0)is (1)t (49)



Summation of all energy consumptidty,,,,,(T") can be
expressed as follows.

(50)

y 10 11 12

Fig. 5 Elbow-bracing position in simulation

Simulation model that is used in this chapter is shown
in Fig.4. We assume that objects was attached to 4
links manipulator and simulated hand-trajectory track-
ing. Simulation conditions have been set as : each link's
weight ism; = 1.0lkg], length isl; = 0.5[m], viscous
friction coefficient of joint isD; = 2.9[N - m - s/rad],
torque constant i; = 0.2[N-m/A], resistance is
R; = 0.6[€], inductance isL; = 0.17[H], inertia mo-
ment of motor isIm; = 1.64x10~*[kg - m?], reduction
ratio isk; = 3.0, viscous friction coefficient of reducer
isdm; = 0.1[N - m - s/rad], proportional gain of hand is
kpa = 300[N/m], rate gain of hand i&44 = 50[N - s/m],
proportional gain of elbow ig,, = 200[N/m] and rate
gain of elbow iskgs = 40[N - s/m].

Hand-target trajectory is set as follows,

2
Yd 0.2 cos %t + Ye (51)

.27
0.2sin T t+ 2. .
Center coordinates of target trajectory &g, z.) =
(0.8,0.5),(0.9,0.5),(1.0,0.5). The weight of object
that was attached to the hand varied from 0.2 to 1.2
[kg] by 0.2 [kg]. We change elbow-bracing position in
each case as Fig.5 and simulate hand-trajectory track-
ing. Graphs of energy consumption to elbow-bracing
position in the simulation are shown in Fig.6-11. Here,
elbow-bracing position is distance from origin of work
coordinate systenty, to A point in Fig.4. From
Fig.6-11, each optimum elbow-bracing positions are
0.4]m], 0.25[m], 0.2[m], 0.15[m], 0.15[m], 0.1[m] in neg-
ative direction of the y-axis from center of target trajec-
tory. Energy consumption is minimized in these elbow-
bracing positions. Then, we found to be a parabolic con-
vex downward in all graphs. From this, we consider to
be able to explore the optimum elbow-bracing position
while manipulator works without knowing it and the form
of graph.

5. CONCLUSION

In this paper, we propose bracing elbow, model con-
straint motion and explore optimum elbow-bracing posi-
tion by simulation after designing controller. It can be
seen that there is the optimum elbow-bracing position
that determined depending on the weight of object grasp-
ing. In the future, we are going to do optimum control of
elbow-bracing position in real time from the results ob-
tained by the simulation.
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