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Abstract: This paper shows effectiveness of bracing for precise and low electrical energy consumption of the end-effector

in the case with and without the constraint of the joint of mobile manipulator. Considering that human can do accurate

task with less power by bracing elbow on the table, we believe that manipulators can save energy and do a task more

precisely like human by bracing itself. Therefore this paper first discuss the motion equation of robot with constraint

condition, and robots dynamics including motor’s dynamics also. Then the effects of bracing are analyzed and displayed.
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1. INTRODUCTION

Recently, multi-joint manipulator is mainly used on

production sites, such as factories. Its redundancy in-

creases according to the freedom degree of manipulator.

It becomes possible to do complicated work and improve

the obstacle avoidance ability. However, as the weight of

manipulator increases along with the number of links ris-

ing, the control energy is increased in order to prevent a

hand’s accuracy from decreasing.

Here, human-being’s behavior that utilizes bracing

motion for writing characters on a paper, can be put into

manipulator’s control strategy. We consider that con-

sumption energy can be cut down by the bracing motion.

And we also expect that the hand’s accuracy can be im-

proved by contacting with surrounding environment and

the total of consumption energy will be able to decrease.

In this report, the validity of bracing an elbow is shown

by simulations, by using mobile manipulator whose el-

bow is attached on the ground. In addition, we introduce

the controller to simultaneously control the position and

force, its effectiveness shown in the simulation.

2. MODELINGWITH CONSTRAINT
CONDITION

2.1 Eqation of Motion with Constraint Condition

The manipulator’s model with constraint is shown in

Fig.1.
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Fig. 1 Seven-link manipulator

Fig. 2 Writing motion

To make the explanation of constraint motion with

multi-elbow be easily understood, we discuss firstly

about the model of the manipulator whose end-effector

is contacing rigid environment without elasticity. Equa-

tion of motion of manipulator composing rigid structure

of l links, and also contact relation between manipulator’s
end-effector and definition of constraint surface should be

introduced firstly.

MMM(qqq)q̈qq + hhh(qqq, q̇qq) + ggg(qqq) + DDDq̇qq

= τττ + {(
∂C

∂qqqT
)T /‖

∂C

∂rrrT
‖}fn − (

∂rrr

∂qqqT
)T ṙrr

‖ṙrr‖
ft (1)

MMM is inertia matrix, hhh and ggg are l × 1 vectors which

indicate the effects from Coriolis force, centrifugal force

and gravity. DDD is l × l diagonal matrix of coefficients

of joint’s viscous friction. qqq is joint angle and τττ is in-

put torque. fn is constraint force and ft is friction force.

Here, we set two assumptions: (i) fn and ft are orthogo-

nal. (ii) ft = K · fn (K is proportional constant).

And, C included in Eq.(1) is an expression of con-

straint surface, and the relation expressed in Eq.(2) is con-

straint condition.

C(rrr(qqq(t))) = 0 (2)
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Eq.(2) is the equation realized constraint, and rrr(qqq(t))
means the coordinates of bracing point.

Moreover, Eq.(2) is differentiated by time t two times,
and then we can derive the constraint condition of q̈̈q̈q. In
real control, it needs constraint on acceleration of level.

q̇qqT

[

∂

∂qqqT
(

∂C

∂qqqT
)

]

q̇qq + (
∂C

∂qqqT
)q̈qq = 0 (3)

If the coefficients of fn and ft are defined asj
T
c and jT

t ,

(
∂Ci

∂qqqT
)T /‖

∂Ci

∂ririri
T
‖ = jcjcjc

T
i (4)

(
∂rrri

∂qqqT
)T ṙrri

‖ṙrri‖
= jtjtjt

T
i (5)

Accumulating all the above vectors (i = 1, 2, · · · , p)
where p is the number of contact point, so the next re-

lations are redefined.

C(r(q)) = [C1(r1), C2(r2), · · · , Cp(rp)]
T (6)

JT
c = [jc

T
1 , jc

T
2 , · · · , jc

T
p ] (7)

JT
t = [jt

T
1 , jt

T
2 , · · · , jt

T
p ] (8)

fn = [fn1, fn2, · · · , fnp]
T (9)

f t = [ft1, ft2, · · · , ftp]
T (10)

JT
c ,JT

t are n × p matrices, fn, f t are p × 1 vectors.
Considering about constraint of the intermediate links,

the manipulator ’s equation of motion can be expressed
as

MMM(qqq)q̈qq + hhh(qqq, q̇qq) + ggg(qqq) + DDDq̇qq

= τττ +

p
∑

i=1

(jcjcjc
T
i fni) −

p
∑

i=1

(jtjtjt
T
i fti)

= τττ + JcJcJc
Tfnfnfn − JtJtJt

Tftftft (11)

where fn is a reaction force exerting from constraint

surface to the robot ’s elbow, and ft is a friction force

acting on the same point. To make sure that manipulator’
s elbow is contacting with the constraint surface all the

time, value of q(t) in Eq (11) has always to satisfy Eq

(2) whenever the time t has any value. For assuring that

the solution q(t) of Eq (11) showed satisfy the constraint

Eq (2) despite any time t, the value of q̈ in Eq (3) should
have the same value with q̈ in Eq (11), then value of q(t)
in Eq (11) and Eq (2) necessarily always keep the same

regardless of time.

2.2 Robot Dynamics including Motor

For i = 1, · · · , 8 is a number of joint consisting mo-

bile manipulator, the moor’s dynamics can be written as

follows:

vi(t) = Lii̇i + Riii(t) + vgi(t) (12)

vgi(t) = KEiθ̇i(t) (13)

Imiθ̈ = τgi(t) − τLi(t) − dmiθ̇i (14)

τgi(t) = KTiii(t) (15)

(i = 1, · · · , 8)

vi is terminal voltage of motor, Ri is electrical re-

sistance, Li is inductance, ii is electric current flowing
through a circuit, θi is angular displacement of motor,

τgi is generation of torque, τLi is load torque used for

manipulator’s motion, vi is counter electromotive force,

Imi is moment of inertia of motor, KEi is constant of

counter electromotive force, KTi is torque constant, dmi

is coefficient of viscous friction of decelerator. From

the relation of magnetic field and the coefficients above,

KTi = KEi(= Ki) holds for motors used. Combine Eq
(13) and Eq (12), and also Eq (15) and Eq (14), we derive

vi = Lii̇i + Riii + Kiθ̇i (16)

Imiθ̈i = Kiii − τLi − dmiθ̇i (17)

Moreover, we consider to install gear train of motor of

reduction ratio’s ki to manipulator.

θi = kiqi (18)

τLi =
τi

ki

(19)

Combining Eq (16) and Eq (17) into equation with i̇i and
τi, following equations are obtained

Lii̇i = vi − Riii − Kikiq̇i (20)

τi = −Imik
2
i q̈i + Kikiii − dmik

2
i q̇i (21)

Then the vector forms of current and torque are given.

LLLi̇ii = vvv −RiRiRi −KmKmKmq̇qq (22)

τττ = −JmJmJmq̈qq + KmKmKmiii −DmDmDmq̇qq (23)

vvv = [v1, v2, · · · , vs]
T

iii = [i1, i2, · · · , is]
T

and the definitions are shown as follow, which always

have positive value.

LLL = diag[L1, L2, · · · , Ls]

RRR = diag[R1, R2, · · · , Rs]

KmKmKm = diag[Km1, Km2, · · · ,Kms]

JmJmJm = diag[Jm1, Jm2, · · · , Jms]

DmDmDm = diag[Dm1, Dm2, · · · , Dms]

(24)

where Kmi = Kiki, Jmi = Imik
2
i , Dmi = dmik

2
i . Now

substitute Eq (23) into Eq (11), we get

(MMM(qqq) + JmJmJm)q̈qq + hhh(qqq, q̇qq) + ggg(qqq) + (DDD + DmDmDm)q̇qq

= KmKmKmiii + JcJcJc
Tfnfnfn − JtJtJt

Tftftft (25)

Similar to the same relation between Eq (11) and Eq (3),

the value of q̈qq in Eq (25) have to be identical to the value
of q̈qq in Eq (3) representing constrain condition.

2.3 Robot/Motor Equation with Contact Constraint

To make sure that q̈ in Eq (25) and (3) be identical,

constraint force fn is subordinately decided by simulta-

neous equation. With an assumption ft = Kfn consider-

ing, Eq (26),(27) should be transformed as follow

(M + Jm)q̈ −
(

JT
c − JT

t KKKe

)

fn

= Kmi − h − g − (D + Dm)q̇ (26)
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(
∂Ci

∂qT
)q̈ = −

[

∂

∂qT
(
∂Ci

∂qT
)q̇

]

q̇

= −q̇T

[

∂

∂q
(
∂Ci

∂qT
)

]

q̇ (27)

Then Eq (26),(27),(22) can be expressed as follow,





M + Jm −(jc

T − jt

T K) 0
∂C

∂qT 0 0

0 0 L









q̈

fn

i̇





=









Kmi − h − g − (D + Dm)q̇

−q̇T

[

∂

∂q
(

∂C

∂qT
)

]

q̇

v − Ri − Kmq̇









(28)

Furthermore by redefining as

M∗ =





M + Jm −(jc

T − jt

T K) 0
∂C

∂qT 0 0

0 0 L



 (29)

b =









Kmi − h − g − (D + Dm)q̇

−q̇T

[

∂

∂q
(

∂C

∂qT
)

]

q̇

v − Ri − Kmq̇









(30)

Then Eq (28) can be expressed as

M∗





q̈

fn

i̇



 = b (31)

M∗ has been confirmed to be nonsingular matrix so

for through many numerical simulations, it has to be

power by mathematical procedures. Through calculating

M∗, the unknown value of q̈, fn,i̇ can be determined

based on the above simultaneous equation.

2.4 Algebraic Relation in Bracing Dynamics

The manipulator’s eqution of motion has been de-

rived, shown as (1). We combine (3) to (11) and eliminate

the q̈, we can get the following equction.

(
∂C

∂qT
)
[

M−1(τ + JT
c fn − JT

t f t − h − g − Dq̇
]

+ q̇T

[

∂

∂q
(

∂C

∂qT
)

]

q̇qq = 0 (32)

Here we can believe that fti are proportional tofni, then
the relation between f t and fn can be expressed as :

f t = Kfn (33)

K = diag[k1, k2, · · · , kp, ] (34)

then we can obtained,

(
∂C

∂q
)M−1(JT

c − JT
t K)fn = (

∂C

∂q
)M−1(h + g − Dq̇qq)

−q̇T

[

∂

∂q
(

∂C

∂qT
)

]

q̇ − (
∂C

∂q
)M−1τ (35)

If we let

(
∂C

∂q
)M−1(JT

c − JT
t K) = A(q),

(
∂C

∂q
)M−1(h + g − Dq̇qq) − q̇T

[

∂

∂q
(

∂C

∂qT
)

]

q̇ = a(q, q̇),

(
∂C

∂q
)M−1 = B(q),

(36)

we get the algebraic relation between fn and τ repre-

senting force instantaneous transmission as

A(q)fn = a(q, q̇) − B(q)τ . (37)

2.5 Decoupled Force and Position Controller

Decoupled Controller of Constraint Forces and Posi-

tions given a desired force vector exerting between plural

bracing links and environment as fnd, whose dimension

is equal to the one of C(r(q)), a control law can be de-

rived directly from (37) as

τ = B+(a − Afnd) + (I − B+B)l. (38)

Since ∂C/∂q is row full rank matrix andM is always

non-singular, then p×nmatrixB is rank(B)=p, i.e.,B is

row full matrix. Then τ (n×1) has n−p redundancy after
controlling fnd, that is rank(I − B+B)=n − p. There-
fore the remaining control input in τ can be used through

arbitrary vector l to track hand desired trajectory rd and

some other tasks up to remaining dimension of n − p.
(37) has been derived on the assumption that bracing

constraint conditions number is p. l can be used for posi-

tion control of bracing point p and position control as

l =

p
∑

i=1

JT
i [Kpi(rdi − ri) + Kui(ṙdi − ṙi)]

+ JT
n [Kpn(rdn − rn) + Krn(ṙdn − ṙn)],(39)

The last term is for controlling the hand’s position, and

the first p term are used for position control of bracing

points. Notice that null rank (I−B+B)=n − p, the di-
mension of task includled in (39) cannot go beyond n−p,
otherwise a conflict between the tasks in (39).

Considering the closed loop of the τ in (38) being in-

put to Eq (37) and assuming p × n matrix B(q) is row
full rank, we get

A(q)fn = a(q, q̇)−B(q){B+(a−Afnd)+(I−B+B)l}

= Afnd. (40)

When it can be assumed that p×p matrix A is invertible,

we get fn = fnd.

The (33) can be used for the robot that have direct-

drive motor able to generate torques directly, but normal

motors’ inputs are voltages. In this case the above con-

troller (33) can be replaced by the following controller

as

v = KV B+(a − Afnd) + (I − B+B)l, (41)

where v is input voltage to motors and KV is coefficient

matrix with positive definite.
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Fig. 4 mobile robot

3. THE BASEMENT MODEL OF
REDUNDANT MOBILE

MANIPULATOR

The movement of i-th link of manipulator should be

given force and torque, so they can be obtained by

Wfff i =W fff i+1 + mi
W P̈PPGi (42)

Wnnni =W nnni+1 +W IIIi
W ẇwwi +W ẇwwi × (WIIIi

W ẇwwi)

+WSSSi × mi
W P̈PPGi +W PPP i,i+1 ×

W fff i+1 (43)

τττ i = (Wnnni
T )W zi + IIIaiq̈qqi + CCCiq̇qqi (44)

So the equation of motion of mobile robot can be de-

rived by calculating exerting force and torque on the ori-

gin of Σ0 from the mobile robot as,

Wfff0 =W fff1 + m0
W P̈PPG0 (45)

Wnnn0 =W nnn1 +W III0
W ω̇ωω0 +W ωωω0 × (WIII0

Wωωω0)

+WSSS0 × m0
W P̈PPG0 +W PPP 0,1 ×

W fff1 (46)

P̈PP is translational acceleration, wSi
wSi
wSi is position vector,

wIi
wIi
wIi is inertia tensor, ωωω is angular velocity, CCC is viscous

resistance.

f
n2

z

y

r
2

Link1 Link2 Link3 Link4

Elbow

Hand

q1(t)

q2(t)

q3(t)

q4(t)

target 

trajectory

Fig. 5 Four-link manipulator

Table 1 Parameters of simulation

1-st link 2-nd link 3-rd link 4-th link

mi[kg] 1.0 1.0 0.5 1.0
li[m] 0.5 0.5 0.5 0.5
ri[m] 0.03 0.03 0.01 0.03
Di 2.0 2.0 2.0 2.0

Ki[V · s/rad] 0.2 0.2 0.2 0.2
Ri[Ω] 0.6 0.6 0.6 0.6
Li[H] 0.17 0.17 0.17 0.17
Imi 0.000164 0.000164 0.000164 0.000164
ki 3.0 3.0 3.0 3.0

dmi 0.1 0.1 0.1 0.1

4. SIMULATION

In this section we will conduct simulations to evaluate

whether the model and the controller proposed in this pa-

per is plausible or not. We give the target positions y4d

and y2d for the hand’s position of y4 and elbow’s position

of y2, and also elbow’s contracting desired force is given

as f2d, shown in Fig5.

Simulation time is 10[s] and sampling time is 1[ms].
Target trajectory is shown as follows.

xd(t) = 0.0 (47)

yd(t) = 1.1 + 0.2 cos (−
2π

10
t) (48)

zd(t) = 0.6 + 0.2 sin (−
2π

10
t) (49)

The initial angle of each joint is (q1, q2, q3, q4) =
(−0.2π,−0.6π, 0.8π,−0.4π)[rad].

Each parameter of this simulation is as the value

shown in the following table1.

From Figs.6-16，we can see on condition that 　
(kp = 300, kd = 50, kpe = 100, kde = 20)，reaction

force fn2, the bracing joint and end-effector y2，y4 can

well follow their target　 fnd2，y2d，y4d．
Figs.9-16 shows the track trajectory of the end-effector

and the position and reaction force of elbow when the

simulation was carried out respectively in the torque input

condition and voltage input condition. When the coeffi-

cient of proportional gain and velocity gain is degreasing,

in the torque input condition, the reaction force of elbow

can be controlled completely, while the position of the el-

bow and end-effector will not be able to be controlled. In

the voltage input condition, the position of the elbow and

end-effector also will not be able to be controlled and the

reaction force of elbow can be controlled except for little

a error occur at the beginning. In other words, it can be
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said that this controller can be decoupling of the position

and force control.

5. CONCLUSION

In this paper, we proposed a new control method called

Position/Force control method. By the experiment, we

confirm that Position/Force Control is non-interference

with each other. In the future, we will use this control

method in hyper-redundancy manipulator, and we think it

can control the hyper-redundancy manipulator better. We

are going to present the mobile redundant manipulator as

Fig.1 at the time of presentation.
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Fig. 12 Reaction Force (Torque Input)

Fig. 13 Hand y Position (Voltage Input)
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Fig. 16 Reaction Force (Voltage Input)

Multi-Elbows for High Accuracy / Low-Energy Con-

sumption”, SICE, pp.2371-2376, 2010.

[4] Y. Washino, ”Hand-Trajectory Tracking Control of

Mobile Redundant Manipulator”, a graduation the-

sis of Department of System Engineering, Okayama

University, 2012 (in Japanese)

[5] H. Kataoka, ”Research of Bracing Redundant Manip-

ulator onboard Mobile Robot”, Master’s thesis of the

Graduate School of , Okayama University, 2012.

[6] K. Yamamoto, ”Improvement of orbit follow control

that uses restraint movement with elbow”, a gradu-

ation thesis of Department of Human and Artificial

Inteligent System, Fukui University, 2006.

-224-

 


	Back

